Naturalness of the neutrino mass hierarchy and mixings is studied. We select a few neutrino mixing patterns, which could lead the natural neutrino mass matrix among ten mixing patterns. Furtheremore, some mixing patterns with three degenerate mass solution lead to the unnatural right-handed Majorana mass matrix in the see-saw mechanism if the natural Dirac neutrino mass matrix is taken as the natural one in the quark sector.
Introduction
The standard model (SM) has many unexplained features despite all its successes. It contains 18 parameters, 13 of which belong to the flavor sector of fermion masses and mixings [1] . It is a striking feature of quark and lepton mass spectra that masses of successive particles increase by large factors. Mixings of the quark sector seem also to have the hierarchical structure. Those features may provide important hints for new physics beyond the SM.
On the other hand, there are 54 parameters in the quark-lepton mass matrices:M U , M D and M E . Since only 13 combinations of 54 parameters are observable, the flavor sector is highly undetermined system. In order to understand the pattern of fermion masses, it is necessary to reduce the number of arbitrary parameters in the Yukawa matrices from 54 to a number which is less than 13. Therefore, one asks for an organizing principle for the mass matrices. The idea of natural mass matrix, which was given by Peccei and Wang [2] , severely restricted the arbitrariness in the construction of the quark mass matrices. In this paper, the natural mass matrix is studied in the lepton sector focusing on the recent neutrino oscillation experiments.
Neutrino flavor oscillations are important phenomena to search for neutrino masses and mixings. The only possible evidences for neutrino oscillations originate from the natural beams: the solar neutrinos [3] and the atmospheric neutrinos [4] ∼ [7] . In the near future, data from the accelerator and reactor neutrino experiments will be available. Actually, the data given by the LSND experiment [8] indicate at least one large mass difference, such as ∆m 2 ∼ O(1 eV 2 ) with sin 2 2θ LSND ≃ 10 −3 although it has not been yet established. We can expect the data from the KARMEN experiment [9] which is also searching for the ν µ → ν e (ν µ → ν e ) oscillation as well as LSND, and the data from the CHORUS and NOMAD experiments [10] , which are looking for the ν µ → ν τ oscillation. The most powerful reactor experiments searching for the neutrino oscillation are those of Bugey [11] and Krasnoyarsk [12] at present. They provide excluded regions in the parameter space (sin 2 2θ, ∆m 2 ) by non-observation of the neutrino oscillation. The first long baseline reactor experiment CHOOZ [13] also give us severe constraints. Many possibilities of the accelerator long baseline (LBL) experiments have been discussed [14, 15] . The first experiment will begin in KEK-SuperKamiokande (K2K) [15] . For the present, constraints are also given by the disappearance experiments in CDHS [16] and CCFR [17] , and appearance experiments E531 [18] , E776 [19] and new CCFR [20] . By use of those experimental bounds, neutrino masses and mixings are theoretically estimated [21] ∼ [25] .
At present, neutrino masses and mixings are not determined uniquely. There should be only two hierarchical mass difference scales ∆m 2 in the three-flavor mixing scheme. If the highest neutrino mass scale is taken to be the LSND scale O(1eV), the other mass scale is either the atmospheric neutrino mass scale ∆m [7] , or the solar neutrino mass scale ∆m 2 ≃ 10 −5 ∼ 10 −6 eV 2 [3] . Thus, the expected neutrino masses and mixings depend on the experimental data which one considers seriously. Since the neutrino masses and mixing angles are determined independently in those experiments, the principle of the naturalness can select a few patterns of the masses and mixings among many patterns which are allowed in the present experimental data. Thus, we can suggest the experimental data which conduce to the natural neutrino mass matrix.
In section 2, the concepts of the natural mass matrix is broadly reviewed according to the arguments given in Ref. [2] for small angle mixing case and also the concepts are expanded to the large angle mixing case. In section 3, the possible patterns of the neutrino masses and mixings suggested by the recent neutrino experiments are discussed. In section 4, the natural left-handed Majorana mass matrices are investigated by using the patterns obtained in the preceding section. In section 5, the natural see-saw realization is discussed by considering the right-handed Majorana neutrinos. Section 6 is devoted to conclusion.
For the solar neutrinos [3] , the atmospheric neutrinos [4] ∼ [7] and LSND [8] we have correspondingly:
In the case of three neutrinos there is an obvious relation:
which is not satisfied by using eq. (15) unless we disregard at least one of these three experimental results. Then it is impossible to reconcile all the neutrino anomalies with three neutrinos. We discuss the following possibilities within the three family model for light neutrinos:
(a) By stretching the data,
(b) One of the three neutrino anomalies is sacrificed such as 
Case (a)
The case(a-1) has been discussed by Cardall and Fuller [27] . 
where the MSW small angle solution of the solar neutrino is taken. The MSW large angle solution and "just-so" solution also can be accommodated in this scheme [29] . Super-Kamiokande will be able to settle the question of zenith angle dependence definitely although the preliminary analyses of Super-Kamiokande have already suggested this dependence [7] . If the zenith angle dependence will be clearly established, this solution will go away.
In the case(a-2), the smaller neutrino mass difference accounts for both the solar and atmospheric neutrino problems and the larger mass difference is taken for the LSND experiments [28] . The parameters of mass differences and mixings are 
On the absolute masses we obtain the solution 
Case (b)
We consider the cases where one of the three neutrino anomalies(solar, atmospheric and LSND neutrino experiments) is sacrificed.
(1)Sacrifice solar neutrino (Atmospheric neutrino+LSND):
This scheme needs large mixings in ν µ and ν τ depending on the mass hierarchy pattern as follows:
(∆m
where c ≡ cos θ ≃ 1/ √ 2 and s ≡ sin θ ≃ 1/ √ 2, and ǫ 3 ≃ λ 2 ∼ λ 3 due to the LSND data.
Other ǫ i 's are small, but not constrained for the present.
(2)Sacrifice LSND(Solar neutrino+Atmospheric neutrino):
In this case, ν µ − ν τ oscillations can explain the atmospheric neutrino deficit if we take m 3 ≃ 0.1eV or the almost degenerate three neutrino masses m 3 ≃ m 2 ≃ m 1 ≃ 1eV. The mixing matrix is
Another solution is
where the cases 
Here, one has a constraint ǫ 2 ≃ λ, ǫ 4 ≃ λ 3/2 for V 7 and V 8 and ǫ 2 ≃ λ 2 ∼ λ 3 for V 9 and V 10 from the LSND data, E531 and CHORUS/NOMAD data. The mixing matrices V with the (1,3) entry being nearly 1 is not allowed by the solar neutrino deficit [21] ∼ [25] .
Natural lepton mass matrix
We discuss the mass matrices of the charged lepton M E and the light Majorana neutrino M LL , in which CP violation is neglected. Let us begin with discussing the charged lepton sector. The mass matrix M E is diagonalized by the orthogonal matrix O E , which is parameterized in terms of three angles: 
where s ij ≡ sin θ ij and c ij ≡ cos θ ij are mixings, and the CP violating phase is neglected.
For charged leptons, the mass hierarchy is clearly given as follows:
By using the freedom of some arbitrary orthogonal matrix, we can arrange to have θ ij ≪ 1 because of the large mass hierarchy. Then, the arguments of naturalness given in section 2 lead to θ 12 ≤ λ 2 as well as in the case of the up-quark sector. For the other angles, we find θ 23 ≤ λ and θ 13 ≤ λ 3 . Then, we obtain the orthogonal matrix which diagonalizes
Based on this orthogonal matrix O E , we study the natural neutrino mass matrix. Since there are some expected patterns of neutrino masses and mixings as shown in section 3,
we investigate the naturalness of those patterns. Our strategy is given as follows. On the first stage, the light Majorana neutrino mass matrix M LL is constructed by
The matrix O ν is obtained by using Then, we go to the second stage in the next section. In the see-saw mechanism [30] , one
where M LR is the Dirac mass matrix and M RR is the right-handed Majorana mass matrix.
Using the hierarchical natural mass matrix M LR , which was obtained by Peccei and Wang [2] for up and down quark sectors, we discuss the naturalness of the M RR leading to M LL .
If there is no fine-tuning in M RR , we call M LL as the second stage natural matrix.
Case(a)
Let us begin with discussing the Cardall and Fuller mixing matrix V 1 . The orthogonal matrix O ν is expected as
where
we used a natural orthogonal matrix
The constructed M LL is written as
In order to avoid the fine-tuning of (1,1), (2, 2) and (3, 3) entries in M LL , we find the condition 
In other word, the hierarchical neutrino masses are excluded by the principle of the naturalness of the mass matrix. The three neutrino masses should be almost degenerated.
This result is still valid for a few variation of the mixing matrix [29] .
In the case (a-2) that ∆m 28] , the similar analysis is given as same as the previous case. The orthogonal matrix
followed by eq. (27) . Using this matrix, we can take out the naturalness condition for
(1,1), (2, 2) and (3, 3) entries as
which requires
In the first case of the mass hierarchy, the condition m 2 /m 3 ∼ λ 2 is required. Thus, V 2 is a natural one. The latter case demands the neutrino masses to be much larger than 1eV in order to reproduce ∆m [31] . Therefore, we do not consider any more this case in this paper.
In Table 1 the results from the naturalness are summarized for V 1 and V 2 .
case(a) Mass relation Naturalness 
Case(b)
We consider the case of the sacrifice solar neutrino(case (b-1) ). In the case of V 3 , the orthogonal matrix O ν is expected as
where ǫ 3 ∼ λ 2 and c ≃ s ≃ 1/ √ 2. The neutrino masses satisfy the hierarchy m 3 ≃
LL is the same as M
LL in eq. (31) and the conditions of naturalness are the same. So, this condition is consistent with the hierarchy m 3 ≃ m 2 ≫ m 1 . Therefore, V 3 leads to a natural mass matrix.
In the case of V 4 , the orthogonal matrix O ν is expected as 
We find the conditions of naturalness:
which require m 3 ≃ m 2 ≫ m 1 , and then those are inconsistent with m 3 ≫ m 2 ≥ m 1 given in eq. (20) . Thus, V 4 leads to an unnatural mass matrix.
We consider the case of the sacrifice LSND neutrino data(case(b-2)). In the case of V 5 , the orthogonal matrix O ν is expected as
where ǫ 1 ∼ λ 2 and c ≃ s ≃ 1/ √ 2. The neutrino masses satisfy the hierarchy
LL is the same as M In the case of V 6 , the orthogonal matrix O ν is expected as
By looking at the (2,2) entry of the matrix, the natural mass matrix is given if We consider the case of the sacrifice atmospheric neutrino(case(b-3)). The standard scenario is characterized by the strong mass hierarchy m 3 ≫ m 2 ≥ m 1 . For the case of V 7 , we obtain the constrains from the solar neutrino and the LSND data:
In order to avoid the fine-tuning, one should take the condition in the (1,1) and (2, 2) entries such as:
which are contradicted with the mass hierarchy m 3 ≫ m 2 ≫ m 1 because of ǫ 3 ≤ λ 2 , ǫ 5 ∼ λ and ǫ 6 ≤ λ 2 . Thus, V 7 leads to an unnatural mass matrix.
which leads to an unnatural mass matrix because the naturalness conditions
cannot be satisfied for the mass hierarchy m 3 ≫ m 2 ≥ m 1 . Thus, we find the V 8 to be unnatural as well as V 7 .
For V 9 , we obtain M LL
and so the naturalness conditions
Those relations are held as far as ǫ 6 ≥ ǫ 5 . Thus, V 9 could be a natural mass matrix.
where the naturalness conditions are
Those relations are also held as far as ǫ 6 ≥ ǫ 5 . Thus, V 10 could be a natural mass matrix.
In the case (b) we obtain natural four mixing patterns (V 3,6,9,10 ) for the hierarchical neutrino masses, and two mixing patterns (V 5,6 ) for the degenerate masses. The possible solutions for neutrino masses from the viewpoint of naturalness are summarized in Table2.
Mass relation Naturalness Table 2 : The possible solutions from the naturalness for case(b).
In conclusion, the natural mass matrices with the hierarchical mixing pattern are V 2 , V 3 , V 6 , V 9 and V 10 while V 1 , V 4 , V 5 , V 7 and V 8 lead to unnatural mass matrices in case of the hierarchical mass matrices. However if the degenerate mass matrices are allowed as the natural mass matrices, the mixing solutions V 1 , V 5 and V 6 lead to natural mass matrices at the level of first stage of naturalness. In the next section, we discuss the naturalness of the M RR for selected V 1 , V 2 , V 3 , V 5 , V 6 , V 9 and V 10 patterns. Here V 1 case is discussed as the typical case with the degenerate neutrino masses under naturalness.
These possibilities together with the degenerate case of three neutrinos will be discussed next section focusing on the natural see-saw realization.
Natural see-saw realization
In section 4, we have discussed the naturalness of M LL and found six patterns of the neutrino masses and mixings, so called the first stage natural mass matrix. In this section, we study the natural realization of the neutrino mass matrix in the see-saw mechanism [30] . In the following analyses, we take V 1 case as the sample of three degenerate neutrino masses because the same arguments are valid for other three degenerate solutions without loss of generality.
Since the mixing patterns V 1 , V 2 , V 3 , V 5 and V 6 explain the atmospheric neutrino deficit, the large mixing angle (maximal mixing) is inevitable. Moreover, at least two neutrinos are almost degenerate in these cases. The point is to derive the large mixing angle and the degenerate masses from the see-saw mechanism by using the hierarchical Dirac mass matrix M LR . In general, there are some conditions to reproduce the large mixing by using the hierarchical Dirac mass matrix in the see-saw mechanism, that is to say the see-saw enhancement, which has been studied by Smirnov and one of the authors(M.T) [32] .
For simplicity, we discuss the two family model. The maximal mixings are generally given by the matrix
where the eigenvalues are a ± b. So we obtain following two extreme cases. One is the hierarchical case(a ≃ b) which is given by the matrix as
and the other is the degenerate case(a ≫ b or a ≪ b) which is generally given by the matrices as
where ǫ ≪ 1. Since the hierarchical case with large angle solution is already excluded from the naturalness as given in section 2, we discuss the degenerate case in this section.
The inverse matrix of the M deg1 LL in Eq. (56) is
If we adopt the charged lepton or down quark mass matrix as the typical neutrino Dirac mass matrix as
we obtain the right-handed Majorana mass matrix
So the large angle solution like Eq. (56) is obtained in case that the factor ǫλ of all elements in M RR is fine tuned to the leading term. Also in the case of M deg2 LL , similar argument is valid.
Thus, the solutions with the almost degenerate light neutrino masses, which are not excluded by the naturalness of lepton mass matrix, could be excluded by the arguments of naturalness of right-handed Majorana mass matrix in the see-saw realization because we must require the fine-tuning for the matrix M RR .
In three family case, the situation is same as in the case of two families. For example, we take the case(a-1) with the three degenerate masses. Following eq. (31), we obtain
where ǫ i 's are taken as same one ǫ. If we adopt the following natural mass matrices in the quark sector [2] for the Dirac neutrino mass matrix:
we obtain
It is found that all elements in M RR is fine tuned to the leading term. Thus, if we take the natural quark mass matrix for the neutrino Dirac mass matrix, which may be justified in GUT's model, we cannot obtain the natural neutrino mass matrix for the case with the large angle mixing angle and the degenerate masses.
As for the case(a-2) with the hierarchical solution m 3 ≫ m 2 ≃ m 1 , the circumstances are exactly the same as the above degenerated case. The hierarchical realization with large angle mixings needs the precisely fine tuned right-handed Majorana mass structure.
Let us consider the mixing pattern V 9 and V 10 , where the large mixing angle is excluded.
In these cases, the mass hierarchy is inverse. For V 9 , µ-like neutrino is heaviest one and τ -like neutrino is lightest one. For V 10 , µ-like neutrino is heaviest one and e-like neutrino is lightest one. These inverse mass hierarchy requires the huge mass hierarchy of the right- 
where we assume ǫ i has the value with O(λ) in eq.(51). By using this matrix and taking the hierarchical structure like quark sector for the Dirac neutrino masses M LR the right- 
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We also obtain similar hierarchy for the case of V 10 . Thus, the natural mass matrix is given by V 9 and V 10 on this stage.
In concusion, the atmospheric neutrino deficit cannot be reconciled to the naturalness.
However, what should we consider if the atmospheric neutrino deficit is truly due to the neutrino oscillation? That means one should not take the quark mass matrix texture for the Dirac mass matrix of the neutrino. The GUT's relation does not operate at least for neutrino mass matrix. Then, the flavor symmetry such as U (1) is favored in the framework of the see-saw mechanism. Actually, quasi-degenerate neutrinos have been already obtained from an abelian family symmetry [33] . The alternative model such as Zee mass matrix [34] may be favored without the see-saw mechanism.
Conclusion
We have studied the neutrino mass hierarchy and mixings in terms of naturalness of the mass matrix. We have succeeded to select a few neutrino mixing patterns, which could lead to the natural neutrino mass matrix. The mixing patterns V 1 , V 4 , V 5 , V 7 and V 8 are unnatural for the solution with at least one hierarchical mass relation among three neutrinos. Also in the framework of three degenerate mass pattern, mixing matrices V 1 , V 5 and V 6 with large mixing lead to the natural mass matrices in the first stage of naturalness. However, those lead to the unnatural right-handed Majorana mass matrix if the natural quark mass matrices are taken for the Dirac neutrino mass matrix in the framework of the see-saw mechanism.
The mixing patterns V 9 and V 10 without the large mixing lead to the natural righthanded Majorana mass matrix although there should be the huge mass hierarchy such as O( 10 6 ) in order to reproduce the inverse mass hierarchy of the light neutrinos.
The naturalness of the neutrino mass matrix will be clarified in the near future since the many neutrino oscillation experiments will provide enough data.
